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Dedicated to Irene 

ABSTRACT. We study the Bishop-Phelps-Bollobas property for numerical radius within 
the framework of C(K) spaces. We present several sufficient conditions on a compact 
space K ensuring that C(K) has the Bishop-Phelps-Bollobas property for numerical ra- 
dius. In particular, we show that C(K) has such property whenever K is metrizable. 



1. Introduction 

The Bishop-Phelps-Bollobas property for numerical radius has been recently introduced 
in [14] as a quantitative way of studying the set of operators on a Banach space that attain 
their numerical radius (see below for precise definitions). Since Sims [20] raised the ques- 
tion of the norm denseness of the set of numerical radius attaining operators, several results 
have been obtained in this direction. Acosta initiated a systematic study of this problem in 
her Ph.D. Thesis [1], followed by [2] and joint works with Paya [4, 5]. Prior to them, Berg 
and Sims [6] gave a positive answer for uniformly convex spaces and Cardassi obtained 
positive answers for t\, cq, C(K) (K compact metric space), Li(fi) and uniformly smooth 
spaces, see [9, 10, 11]. Note that Johnson and Wolfe [16] had already shown that the set 
of norm attaining operators T: C(K) — ) C{L) is norm dense in the space of operators 
£,(C(K), C(L)), where K and L are arbitrary compact spaces. Acosta [1] pointed out that 
an operator T : C (K) — > C (K) attains its norm if and only if it attains it numerical radius. 
This observation together with Johnson and Wolfe's result led her to conclude that the set 
of numerical radius attaining operators on C(K) is dense in £,(C(K)). 

Using a renorming of Co, Paya [18] provided an example of a Banach space X such that 
the set of numerical radius attaining operators on X is not norm dense in £(X), answering 
in the negative Sims' question. Acosta, Aguirre and Paya [3] gave another counterexample: 
X = £2 ©00 G, where G is Gowers' space. Observe that these examples show that there 
exist Banach spaces failing the Bishop-Phelps-Bollobas property for numerical radius. 

In [14] it is shown that £\ and Co have the Bishop-Phelps-Bollobas property for numer- 
ical radius. In fact, the proof for Co can be reduced to a duality argument from the proof 
for £\. In this paper we focus on the Banach space C(K) and we discuss whether this 
space has the Bishop-Phelp-Bollobas property for numerical radius. Trying to transfer the 
ideas in [14] to the C(K) case is clearly not enough. 

We now summarize briefly the contents of this paper. 
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In Section 2 we introduce the concepts of compensation of a regular measure and of 
compact space admitting local compensation (Definition 2.1). These notions are essential 
tools for our proofs and are applied to obtain a parametric version of the classical Bishop- 
Phelps-Bollobas theorem for functionals on C (K) (Lemma 2.9). Then we show that C (K) 
has the Bishop-Phelps-Bollobas property for numerical radius whenever K admits local 
compensation (Theorem 2.2). 

In Section 3 we show that every compact metric space admits local compensation. In 
fact, a stronger result holds true, namely, that every compact metric space admits a com- 
pensation function (Definition 3.1). We rely on the constructive proof that the Cantor set 
admits a compensation function (Theorem 3.6) and the fact that compensation functions 
can be transferred to other compacta via regular averaging operators (Lemma 3.5). As 
a consequence of Theorem 2.2, it turns out that C(K) has the Bishop-Phelps-Bollobas 
property for numerical radius whenever K is metrizable. 

In Section 4 we discuss the case of non-metrizable compacta. With the help of the aux- 
iliary concept of closeness function, we present two examples of compact spaces admitting 
local compensation but no compensation function (Theorems 4.7, 4.8, 4.10 and 4.12). We 
also show that there exist compact spaces that do not admit local compensation. We finish 
the paper with some open problems, see Subsection 4.3. 

Terminology. By countable we mean finite or countably infinite. The first uncountable 
ordinal is denoted by All our Banach spaces X are real. We write 

B x = {x G X : \\x\\ < 1} and S x = {x G X : \\x\\ = 1}. 

The topological dual of X is denoted by X* and the weak* topology on X* is denoted 
by oj*. The evaluation of a;* G X* at x E X is denoted by x* (x) — (x*,x) — (x,x*). We 
write n(X) = {{x,x*) G Sx x S x * : x*{x) = 1}. We write 

K2{x) = {x* 6 B x * ■ x*(x) = 1} and 7r 2 (x, 5) = {x* G B x * : x*(x) > 1 - 6} 

for every x 6 Bx and S > 0. By an operator on X we mean a linear continuous mapping 
T: X — > X. Its numerical radius is defined by 

u{T) = sup{<V\ T(x)) : (x, x*) G Il(X)}. 

The Banach space of all operators on X is denoted by £(X). It is well known that v{-) 
is a continuous seminorm on St{X). In general, there exists a constant n{X) > (the 
numerical index of X) such that 

n(X) ||T|| < v{T) < \\T\\ for all T G £(X). 

For background in numerical radius (resp. index) we refer to [7, 8] (resp. [17]). The 
Bishop-Phelps-Bollobas property we are concerned about is defined as: 

Definition 1.1. We say that a Banach space X has the Bishop-Phelps-Bollobas (BPB) 
property for numerical radius if there is a function S : (0, 1) — > (0, 1) such that: for every 
< e < 1, T G 2(X) with v{T) = 1 and (x,x*) G U(X) with (x*,T(x)) > 1 - 5(e), 
there exist T G £(X) with u(T ) = 1 and (x ,x* ) G IL(X) with (x*,T Q (x Q )) = 1 such 
that \\T - To|| < e, \x - x || < e and ||a;* - a;S|| < e. 

Let K be a compact space (i.e. compact Hausdorff topological space). We denote 
by C(K) the Banach space of all continuous real-valued functions on K (equipped with 
the supremum norm). It is known that n(C(K)) = 1 and therefore v(T) = \\T\\ for 
every T G £(C(K)). Given any / G C(K) and r G R, we freely use notations like 
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{/ < r } = {t G K: f(t) < r}. The dual C{K)* is identified (via Riesz's theorem) with 
the Banach space M. (K) of all regular Borel (signed) measures on K (equipped with the 
total variation norm). We write A4 + (K) = {/z G Ai(K) : fj, > 0}. For every t G K we 
denote by 5 t G M{K) the Dirac measure at t. As usual, given any /j, G A4(PJ), we write 
and to denote, respectively, the variation, positive part and negative part of \i. 
By a Hahn decomposition of (i we mean a partition (P, N) of A into Borel sets such that 
H{B) > (resp. fi(B) < 0) for every Borel set B C P (resp. P C JV). The support of /z 
is denoted by supp(^). Given p,i,fi2 G M(K), we write p,\ <C y«2 (resp. /xi _L ^ 2 ) if /xi 
is absolutely continuous with respect to [ii (resp. \x\ and ^2 are mutually singular). 



Throughout this section K is a fixed compact space. Our aim is to give a sufficient 
condition ensuring that C(K) has the BPB property for numerical radius, namely, that 
K admits local compensation (see the following definition). In Sections 3 and 4 we shall 
prove that K admits local compensation whenever it is metrizable, as well as in other cases. 



(i) We say that v G M. (K) is a compensation of \i G M. (K) provided that: 

• < v < n+ and v{K) = fj,(K) if n{K) > 0; 

• v = 0if n(K) < 0. 

(ii) We say that G G W(K) is a compensation of F G W(K) if G(t) is a compensa- 
tion of F(t) for every t <E K. 

(iii) We say that K admits local compensation if every element of W(K) admits a 
compensation. 

Theorem 2.2. /jf K admits local compensation, then C (K) has the BPB property for 
numerical radius. 

In order to prove Theorem 2.2 we need several lemmas. Let us first point out that 
compensations of single measures always exist: 

Remark 2.3. If fj, G M{K) satisfies fj,(K) > and we set A := G (0, 1], then 

v := A/i+ is a compensation of fi. 

Lemma 2.4. Ifv G M(K) is a compensation of \i G M{K), then — v\\ < 2||/x~|| and 



Proof. This is obvious if fi{K) < 0. Suppose fi(K) > 0. Since — z/) _L , we have 



Lemma 2.5. Let (/, ^) G S C (k) x Sm(k) an d let (P, AT) foe a Pa/zn decomposition of \i. 
Then jJi{f) — 1 if and only if 



2. BPB PROPERTY FOR NUMERICAL RADIUS IN C(X) 



Definition 2.1. Let W(K) be the set of all w*-continuous functions F: K — > B M ( K) . 



\M < IImII- 




□ 



H(({/ = i}nP)u({/ = -i}nJV)) = i. 

Proof. Write A := ({/ = 1} n P) U ({/ = -1} n N). Observe first that 



(2.1) 





A 



{/=i}nP 



{/=-i}rw 
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Therefore, if \fj,\(A) = 1 then /*(/) = f A f d/i = 1. 
Conversely, if /i(/) = 1 then 

1 = /i(/) = / / d/i + f f d/i ( =' |/i|L4) + f /d/x 

J A J K\A J K\A 

and so |/x|(-K' \ A) = J K ^ A f d/i. Since we have 

a:= J f d/i<|/i|({/^l}nP), /3:= | / d/i < |/i| ({/ ^ -l}HiV) 
{/#i}np {/^-i}rw 

and 

a + /3= J f dn=\»\(K\A) = \»\({f^i}nP) + \»\{{f^-i}nN), 

it follows that 

(2.2) H({/?4 1}nP)=a= | fd\f,\ 

{//i}nP 

and 

(2.3) |/,|({/^-i}niV) =p = - J /d| M |. 

{/#-i}rw 

Clearly, (2.2) yields |/*|({/ ^ 1} n P) = and (2.3) yields |/i|({/ ^ -1} n TV) = 0, so 
that \n\{K \ A) = 0. Therefore |/i| (A) = 1. □ 

Definition 2.6. Let / G C(if ) and < a < e. Since the sets {/ > 1 -a} and {/ < l-e} 
are closed and disjoint, Tietze extension theorem ensures the existence of a non-negative 
ul e G E-c(K) sucn that 

u Ll{/>l-<r} = 1 and u t,e\{f<l-e} = 0. 

In the same way, there is a non-negative v£ e G E>c(K) suc h that 

v Ll{/<-i+<r} = 1 and ^, £ |{/>-i+ £ } = 0. 
Given any /i G M(K), we define /i£J G M (K) by 

■= 9- u f a , £ d/i and /x^(ff) := / ■ u£ e d/i for all g G C(X). 

JK JK 

Remark 2.7. (i) If e < 1 then _L /i£j. 

(ii) The mappings /i n> /i^j; and /t i-> /t£J are -continuous. 

Lemma 2.8. Let f G B c ^ K y fi G B M ( K) and < er < e < 1. T/zen: 

(i) < land\\^l\\ < I; 

(ii) ||(^i) + || + 1| 0*%)- 1| >i-(i- 

(iii) ||(^)-|| + ||(/x^)+||<(l-/x(/))/a; 

(iv) jj /U - /U / ; i-/x/.j|| < (1 - /i(/))/<7. 

Proof. Write /ti := /i/j'* and /i 2 := /i£'£. Let (P, TV) be a Hahn decomposition of /i and 
define 

C := ({/ > 1 - a} n P) U ({/ < -1 + a} n iV) . 
We claim that |/i|(C) > 1 + (1 - fj,(f))/a. Indeed, we have 

(2.4) |/i|(C)> / /d/i= / /d/i- / /d/i = /i(/)-/ /d/i- 
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Since 



J fdn= J /d M + J fdn = 



K\C {/<i-<r}nP {/>-i+<r}niV 

/d|M|+ J (-/)d|/i|<(l-<7)H(A-\C), 
{/<l-<x}nP {/>-l+<r}rw 

from (2.4) it follows that 

ImI(C) > Kf) (i - <r)(\l*\(K) - ImI(C)) > M/) - (i - <r)(i - ImI(C)), 

which implies that |/i|(C) > 1 — (1 — /u(/))/<7, as claimed. 

(ii). Observe that (P, N) is also a Hahn decomposition of fj,i and ^ 2 (bear in mind that 
u£ £ > and t>£ e > 0) and that C n P C {/ > 1 - a} and C n TV C {/ < -1 + a}. 
Hence 

= n P) = / < £ d M = M (c n P) = H(C n P), 

Jen? 

f ,-(C) = - f i 2 (CnN) = - [ u£ d/j, = -n{C nN) = \n\(C n iV), 

JCnJV 

and therefore m+(C) + (C) = |/z|(C). We deduce that 

11/411 + 11^11 > IK + m 2 ~ II > ii4 + fh)(0) - N(C) > 1 - (1 - n{f))/tr. 

(i) and (iii). Since < u£ + v[ e < 1, we have \\/j,i H- /x 2 1| < UmII- On the other hand, 
the equality — I— A*a || = + HM2II holds because \i\ _L /U 2 . Hence 

i>||mII>IImiII + IIm2|| = 

= Kii + iiMrll + \\A\\ + 11^2 II > 1 - (1 - M/))/* + iiMrll + ii^ii, 

which implies that I) + H/i^ II < (1 — /i(/))/cr. 

(iv). Write /i := 1 — u£ e — £ G C(K), so that (/1 — /ii — /li 2 )(<7) = J K gh dfi for all 
.g G C{K). Since < /i < 1 and /i vanishes on C, we get 

IIm - Mi - M2II < ImK^ \ C) < 1 - | M |(C) < (1 - M (/))/<7, 
which finishes the proof. □ 

Lemma 2.9. Suppose that K admits local compensation. Let f £ Pc(if) \ {0} an <^ ffl ^ e 
1 — 11/11 < e < 1. r/zen f/zere exwfs / € Sc(k) sucn that for every F G W^-fT) ?/?ere is a 
uj* -continuous function Vf ■ P _1 (t*"2(/, £ 2 /6)) — > 7r 2 (/o) such that: 

(i) tt 2 (/) C7r 2 (/o)«K/||/-/o|| <e; 

(ii) ||P F (t)-F(i)|| < e/or every t e F' 1 ^ 2 {f , e 2 / &)). 

Proof. We divide the proof into several steps. 

Step 1. Fix e < 5 < 1. Note that K is the union of the following closed sets: 

A:={f>l-e}, B:={f<-l + e}, C := {-1 + 5 < f < 1 - 6}, 

D := {1 - S < f < 1 - e} U {-1 + e < f < -1 + 6}. 
By Tietze extension theorem, there is a continuous function g: D — > [— e, e] such that 

3l{/=i-e} = e, 5l{/=i-5} = 0, g\ {f= _ 1+e} = -e, g\ {f= _ 1+5} = 0. 
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Now, we can define f € -Bc(k) by declaring 

fo(t) := < 



1 if t e A, 

-l if teB, 

/(*) if teC, 

[f(t) + g(t) if teD. 



It is straightforward that ||/ - /o|| < s. Note also that iU5^0 (because ||/|| > 1 - e) 
and so |j/ || = 1. To prove that 7r 2 (/) Q ^(/o), suppose that ||/|| = 1, fix any fi e tt 2 (/) 
and take a Hahn decomposition (P, N) of ^i. By Lemma 2.5 we have 

H(({/ = i}nP)u({/ = -i}nJV)) = i. 

Since {/ = 1} C {/ = 1} and {/ = -1} C {/ = -1}, another appeal to Lemma 2.5 
yields \i e 7r 2 (/ ). 

Step 2. Fix F e W{K). Set a := 5e/6 and consider F 1 ,F 2 £ W{K) defined by 
fi(t) := (F(t))% and F 2 (t) := (F(t))£ 2 . 
Define now a cj* -continuous function Q : if — >• .M(-K') by the formula 

Q(t) (*)-&(*), 

where £1,^2 £ W(.K') are compensations of Fi and — F 2 , respectively. 
For every t 6 K we have 

supp(£i(i)) C supp(Fi(t)) C A, supp(£ 2 (t)) C supp(-F 2 (i)) C B, 

and A n B = 0, hence i^t) _L F 2 (i) and _L £ 2 (*)> and therefore 

1 > \\F(t)\\ > ||Ji(t) + F 2 (t)|| - II^WH + ||F 2 (t)|| > 

(2 - 5) > mm + II6WH = iiewn = ut)(K) +b(w) > 

>F 1 (t)(K)-F 2 (t)(K). 
(inequality (*) was established in the proof of Lemma 2.8(iii)). It follows that 

<e(t),/o> = / fo d£i(t) - / fo d6W - £i(t)(A) +&(t)(B) = 
J a Jb 



(2.6) 



Ut)(K)+Ut)(K) (2 = 5) ||Q(i)||. 



The w* -continuity of Q and (2.6) imply that the map 1 1-> || Q(i) || is continuous. 
Step 3. Fix teK a := F" 1 (7r 2 (/, e 2 / 6 ))- By Lemmas 2.4 and 2.8(iii), we have 

(2.7) Hfi(i) - ( Fl (t) + F 2 (t))\\ < Ui(t) F(*)|| + ||fc(t) - (--F2(t))|| < 

< 2( ||(Fi(t))-|| + ||(-F 2 (t))-|| ) - 2( ||(Fi(*))-|| + ||(F 2 W) + || ) < 

(T — 5 

On the other hand, by (2.5) and Lemma 2.8(ii)-(iii), we get 

\\Q(t)\\>Fi(t)(K)-F 2 (t)(K) = 

= (IK^i(*)) + ll + iK^wrii) -(ll(^i(*)rll + ll(^(t)) + ii)> 

> x _ 2 (1 -TO,/)) te *° ! _ ^£ 
er - 5 ' 
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Hence Q(t) ^ and 

2e 



(2.8) 



^ fi(t) 



1-||C(*)II< 5 



icwii 

(bear in mind that || Q(t)\\ < 1, as shown in (2.5)). But Lemma 2.8(iv) also yields 

1 - (Fit) f) teK e 

(2.9) \\F(t)-(F 1 (t)+F 2 (t))\\< l^hli < 5 

a o 

Using (2.7), (2.8) and (2.9) we conclude that 

C(*) 



< 



new II 



< 



IICWII 



-F(i) 
Q(<) 



|Q(t) - (Fi(i) + F 2 (t))|| + ||(F!(t) + F 2 (t)) - F(t)\\ < 



2e 2e e 

< 1 h-=e. 

"555 



Step 4. The previous step makes clear that the function 

Q(t) 



Vf ■ K — > M(K), V F {t) 



is well-defined and satisfies ||Pf(/) — F(i)|| < £ f° r every t 6 ifo- Note that (2.6) says 
that Pi? (t) G 7r 2 (/o) for every t g if - Since Q is -continuous and the map i i-> || Q(i) || 
is continuous (Step 2), Vf is cj* -continuous as well. The proof is over. □ 

The following particular case of the classical Bishop-Phelps-Bollobas theorem will be 
needed in the proof of Theorem 2.2. 

Corollary 2.10. Suppose that K admits local compensation. Let(f,p) G 5c(x) x -Bm(k) 
such that p(f) > 1 — e 2 /6, where < e < 1. Then there is (fo,Po) g n(C(if)) swc/i 
f/zaf ||/ — /o|| < e ami ||// "Moll < £■ 

froo/ Apply Lemma 2.9 to / and the constant function F G W(K) given by F(i) := p 
for all i G K, so that F" 1 ^/, e 2 /6)) = Then we can take any ^ G Pf(-K"). □ 

Remark2.ll. In the situation of Lemma 2.9, let f G F _1 (7r 2 (/, £ 2 /6)). Then: 

(i) Every Hahn decomposition of F(i) is also a Hahn decomposition of 

(ii) P F (t) <F(t). 

Proof, (i) Let (P, JV) be a Hahn decomposition of F(i). As we pointed out in the proof of 
Lemma 2.8(ii), (P,N) is a Hahn decomposition of both F\(t) andF 2 (i). We claim that for 
every Borel set B C P we have &{t){B) = 0. Indeed, this is obvious if F 2 (t)(K) > 0, 
while if F 2 (t)(K) < Othen 

< &(t)(B) < (-F 2 (t)) + (B) = (F 2 (t))-(B) = F 2 (t)(B ON) =0. 

Hence Q(t)(B) = £i(t)(B) > for every Borel set B C P. In the same way, we have 
Q(t)(B) = -£, 2 {t)(B) < for every Borel set BCN. 

(ii) Obviously, Fi(i) <C F(t) and F 2 (t) <C F(t). By the very definition of compensa- 
tion, we also have ^(t) < Pi(t) and <C P 2 (t). Therefore Q(t) <C P(t). □ 

We are now ready to prove the main result of this section. 
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Proof of Theorem 2.2. We shall check that if K admits local compensation, then C(K) 
fulfills the requirements of Definition 1.1 with (5(e) = (e/6) 4 . Let T G &(C(K)) with 
u(T) = 1 and (/, fi) G U(C(K)) such that (/x, T(/)> > 1 - (e/6) 4 , where < e < 1. 

Sfep 7. By Corollary 2.10 applied to (T(f), fi) G Bc(Jf) x -5*A4(x) and <5 := e 2 /7 (note 
that (/J,,T(f)) > 1 - <5 2 /6), there is (. 9)A t ) G n(G(if)) such that ||T(/) - s|| < 5 and 
Ha* — Mo 1 1 < S < e. Let (P, N) be a Hahn decomposition of [i, which in turn is also a 
Hahn decomposition of /z ( see Remark 2.1 l(i)). Since p,(f) = 1, an appeal to Lemma 2.5 
yields 

H(jf\({/ = i}nP)u({/ = -i}nJV)) =0. 

The fact that /i <C /U (see Remark 2.1 l(ii)) implies 

|/io|(*-\({/ = i}nP)u({/ = -i}nJV)) =o 

and so /io(/) = 1 (again, by Lemma 2.5). Writing 

£>i := {T(f) >l-6} and D 2 := {T(f) < -1 + 6}, 

the proof of Lemma 2.9 shows that supp(^ ) C Di Li D 2 and that Ho(B) > (resp. 
Ho{B) < 0) for every Borel set £> C D\ (resp. £? C D 2 ). Hence 

(2.10) /io(Di) - M0OD2) = ImoKA U D 2 ) = HmoII = L 
Step 2. Let us consider the closed sets 

Ai :={T(f)>l-s 2 /6}DD 1 , 

A 2 ■■={T(.f)<-l + e 2 /6}DD 2 , 

C := {-1 + e 2 /6 < T(f) < 1 - e 2 /6}. 

Since D\ (1 (C U A 2 ) = = D 2 n (G U A\) — 0, we can apply Tietze extension theorem 
to find two continuous functions g\ : K — > [0, 1] and g 2 : K — > [—1, 0] such that 

= 1, .9i|cuA 2 =0, g 2 \ D2 = -1, ff2|cuAi=0. 

Step 3. Let F, G G W(if) be defined by := T*(5 t ) ~ S t oT and G(t) := 
It is clear that F(A 1 ) U G(A 2 ) C ir 2 (f, e 2 /6). By Lemma 2.9 there is / G Sc(x) such 
that 7r 2 (/) C 7T 2 (/o), ||/ — /o|| < £ and there exist two cj* -continuous mappings 

V F ■ A x -> 7T 2 (/o) and P G : A 2 -> tt 2 (/ ) 

satisfying 

(2.11) sup pV(i)-F(t)|| <e and sup ||P G (t) + F(t)\\ < e. 
teAx teA 2 

Now, we can define a w*-continuous mapping F : K — > M(K ) as follows: 

>(i)+ ff i(t)(P F (f)-F(t)) ifteAi, 
F(t) := j +ff2(t)(P G (t) + F(t)) if * G A 2 , 
F(t) ift EC. 

Define T G £(C(X)) by T (h)(t) := (F(t),h) for every h G G(if) and t G if. We 
shall check that T satisfies the required properties. 

Step 4. Note that F(t) (resp. —F(t)) is a convex combination of F(t) and Vp{t) 
(resp. --F(t) and V G {t)) for every t G Ai (resp. t G A 2 ). Since F(K) C B M ^ and 
7>f(^i) U P G (A 2 ) C tt 2 (/o) C B m{k) , we deduce F(if ) C B M(K) , which implies that 

||T ||= sup ||T„(/i)|| = sup sup |(i?(i),^)| < 1. 
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On the other hand, 



\\T -T\\= sup sup \ (F(t) — F(t), h) \ < sup \\F(t) — F(t)\\ < e. 



(2.11) 




Since (/, /i ) G U(C(K )) (as shown in Step 1) and 7r 2 (/) C 7r 2 (/o), we deduce that 
(Jo, Mo) G n(C(A-)). Since = 1, 52 | D2 = -1 and U T G (A 2 ) C 7r 2 (/ ), 



Bearing in mind that supp(^ ) Q DiU D 2 (as pointed out in Step 7), it follows that 



3. Existence of compensation functions for metric compacta 

This section is devoted to proving that every compact metric space K admits local 
compensation. Actually, we shall show that a stronger property holds true, namely, that 
every F G W(K) admits a compensation of the form £, o F, where £ : M{K) — > M{K) 
is a function (depending only on K) as in the following definition: 

Definition 3.1. Let K be a compact space and M <Z M (K). We say that £ : M ->■ M (K) 
is an M -compensation function if it is uj*-u* -continuous and £(/z) is a compensation of /i 
for every p, e M; if in addition M = M(K), we say that £ is a compensation function. 

Thus, in this section our goal is to prove the following: 

Theorem 3.2. Every compact metric space admits a compensation function. 

Corollary 3.3. If K is a compact metric space, then C{K) has the BPB property for 
numerical radius. 

Proof. Combine Theorems 2.2 and 3.2. □ 

Corollary 3.4. Let T be a topological space, K a compact space and F: T — > M{K) 
a uj* -continuous function. Suppose there is a compact metrizable set L C K such that 
supp(i 7 '(t)) C L for every t 6 T. Then there is a w* -continuous function G : T — > A4(K) 
such that G(t) is a compensation of F{t) for every t € T. 

Proof. According to Theorem 3.2, L admits a compensation function £ : M. (L) — > M. (L). 
Let U: M(K) ->■ M{L) and V: C{K) -> C{L) be the restriction operators. Since 
supp(i ;l (i)) C L for every t G T, the composition U o F is u> * -continuous. It is now clear 
that G := V* o £ o U o F satisfies the required properties. □ 

In order to prove Theorem 3.2 we need some previous work. Given a continuous onto 
mapping ip: K — > L between compact spaces, let C v : C(L) — > C(K) be the operator 
defined by C v (f) := / o <p for every / G C(L). An operator u: C(K) — > C(L) is 
called a regular averaging operator for ip provided that u is positive, u(1k) = 1l and 
«°C,= id C (L)- 



we have 





In particular, this implies that v(T ) = 1. The proof is over. 



□ 
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Lemma 3.5. Let K and L be compact spaces for which there is a continuous onto mapping 
ip: K — > L with a regular averaging operator. If K admits a compensation function, then 
L admits a compensation function as well. 

Proof. Let £: M(K) -> M(K) be a compensation function and u: C(K) — > C(L) a 
regular averaging operator for <p. Define 



Clearly, £ is w *-uj* -continuous. Fix fi e M{L). Since C v is a positive operator, so is C* 
and therefore £ (/i) > 0. Since 



we deduce that = if ^(i) < and = ^(i) if ^(L) > 0. For every 

non-negative / e C(if ) we have 



= (/i + ,«(C v (/))) = (/i + ,/), 



From now on we write C := 2 N = {0,1} N to denote the Cantor set. Pelczynski 
proved that a compact space L is metrizable if, and only if, there is a continuous onto 
mapping ip: C — > L with a regular averaging operator, [19, Theorem 5.6]. This result and 
Lemma 3.5 show that Theorem 3.2 can be deduced from the following particular case: 

Theorem 3.6. The Cantor set C admits a compensation function. 

Such compensation function will be defined explicitly (Definition 3.13 and Proposi- 
tion 3.14). The rest of this section is devoted to proving Theorem 3.6. We divide the proof 
into three subsections for the convenience of the reader. We first need to introduce some 
notation. 

Definition 3.7. We define a continuous function d : KxM^Rby 



Remark 3.8. The function d satisfies the following properties: 

(i) d(si,s 2 ) = -d(s 2 ,si). 

(ii) < 1 + d(«i , s 2 )/si < 1 if si / 0. 
(hi) < si + d(si, s 2 ) < Si if s\ > 0. 

(iv) si < si + d(si,s 2 ) < if si < 0. 

(v) If si • s 2 < then either si + c£(si, s 2 ) = or s 2 — d(si, s 2 ) = 0. 

As usual, we write 2 <N to denote the set of all finite (maybe empty) sequences of 0s 
and Is. Given a = (er(l), . . . , <j(n)) G 2 <N , we write length(cr) = n and 



£:M(L)^M(L), C.= C;o(ou*. 



u*(n)(K) = (u*(n), 1 K ) = (»,u(l K )) = (jt, 1 L ) = /x(L) 



and 



because and u* are positive operators and w o C v — id C ( L y Hence < It 
follows that £ is a compensation function. □ 




<j\ k := e 2 <N for every k G {!,..., n}; 
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we use the convention cr| = 0. We denote 

a - := (<7(l),...,o-(n),0) and a ~ 1 := (a(l), . . . , a(n), 1). 

More generally, if r = (r(l), . . . , r(m)) G 2 <N , we write 

cr ^ T := (cr(l), . . . ,CT(n),r(l),.. . ,r(m)). 

Given any cr' G 2 <N , the notation cr C cr' means that length(cr') > n and cr'(fc) = cr(fc) 
for every k G {1, . . . , n}. Analogously, given any t = (t(k))keN m the Cantor set C, the 
notation cr C t means that t(k) = cr(fc) for every k G {1, . . . , n}. Thus, the standard 
clopen basis for the topology of C consists of the sets 

N a :={teC: a C t}, cr G 2 <N . 

For every n G N U {0} we write C n := {a G 2 <N : length(cr) = n}. 

3.1. Construction. Fix /j e M(C) and let m a := fi(N a ) for every a G 2 <N . We next 
define a collection of real numbers {m CT : cr G 2 <N } satisfying some special properties 
which shall be discussed in Subsection 3.2. 

Fix n e N U {0}. In order to define the collection {m CT : cr G C n }, we construct certain 
real numbers {rh^ : a G C n } for every k G {0, . . . , n}. This is done inductively: 

• Case k = 0. Set m^ 0) := m a for every cr G C n . 

• Case fc = 1. For each r G C„_i we set 

m™ := m r ^ + d(ra r ^ , m r ^i), 
mj. 1 ^ := m T ^i — rf(m T ^ 0j m r ^i). 

• Assume that k G {2, . . . , n} and that the collection {m^' _1) : cr G C„} is already 
constructed. Note that C n is the disjoint union of the sets 

C n ,r ■= {cr G C n : t C cr}, r G C„-fc. 

Fix r G C„_fc. We define 

Sn,r,0 ~ aIld S "'T,1 := "^"^ 

where C„, T , := {cr G C„, r : a(n - k + 1) = 0} and C n , T ,i := C„, r \ C n , Ti0 . We 
now distinguish two cases: 

- If s„ jTj o • s n ,T,i = 0, then we set 

m^> : = m^-^ for every cr G C n , r . 

- If s„ jTj o • Sn, T ,i ^ 0, then we set 

m w .- m i* i) . m _| lj f or every cr G C n , r , , 

m>*' := • U - — LJ for every a G C„ ;T; i. 

In this way, the collection {rh { ^ ) : a G C„} is constructed. 
Finally, we define m a := m^ n) for every cr G C„ and n G N U {0}. 
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3.2. Properties. Fix [i G Ai(C). We follow the notations introduced in Subsection 3.1. 
Lemma 3.9. m CT = m CT ^o + m a ^ifor every a G 2 <N . 
Proof. Fix neNU {0}. We shall prove that 

m« = m^ 1 ' + m^ 1 ' for every a G C„ and fc G {0, 1, . . . , n} 
by induction on k. Note that for k — we have 

rh^ =m„ = n(N„) = fi(N^ ) + M^i) = m^ + rrw = m^ + 

for every ct G C n , by the very definition of m^l and m'^l 1 . Suppose that fc G {1, . . . , n} 
and that the inductive hypothesis holds: 

(3.1) m^T 1 ' = ml k ,l + m^l, for every a' G C n . 

Fix a G C„ and let r := cr|„-fc, so that 

m J = }^ "v~o + 1^ "v~i = 

cr'ec„, T ,o CT'ec„, T>0 

In the same way, we have s„+i jTj i = s„. T .i- 

If «„+i, T ,o • *n+i,r,i - 0, then m^ 1 ' = m^o, m^ 1 ' = and m« = m'^ 1 ', 

hence 

W^O 1 ' + = fhl k l + (3=1) ^i^ 1 ' = 

If Sn+i,T,o ' Sn+1,1-,1 # 0, then 

= (m^o + m^) • (l + (_i)^("-fc+i) ^ s "+ 1 ^°' s "+ 1 ^ 1 ) N ) = 

^ s n+l,T : er(n-fc+l) ' 



^ Sri t- /T^ — t-J-l ^ ' 



s n,T,o-(n — fc+1) 

which finishes the proof. □ 
Lemma 3.10. fi(C) = J2aec„ rhafor every neNU {0}. 

Proof. By induction on n. The case n = is obvious. Suppose n > and the inductive 
hypothesis. By applying Lemma 3.9 we get 

TGC„ ctGC„_i cr£C„_i crGC-i 

as required. □ 
Lemma 3.11. Let n G N, k G {1, . . . , n} and r G C n -k- Then the collection 

has constant sign. In particular, {fn a : a G C„} /las constant sign. 
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Proof. We proceed by induction on k. The case k = 1 follows immediately from Re- 
mark 3.8(v). Suppose that k G {2, . . . , n} and that the inductive hypothesis holds. Define 
Tj := r ^ i for i G {0, 1}, so that Tj £ C n -fc+i and each of the collections 

has constant sign, which in turn coincides with the sign of 

v,= E ™? _1) = E <3- 

<rec„, T>i -r'ec fc _i 
If Sn.r.o • s n , T .i > 0, then ; = m (k ~) } for every r' 6 and so the collection 

{m™ T , :r'eC t } = {m^, : r' G C fc _i} U {m^, : r' G C fc _i} 
has constant sign, as required. If s niTi o ■ Sn,r,i < 0, then 

m ik) , :=m v - 1 \-(l+ d ( Sn - T ' 0,Sn - T - l) ) 
T °" T V s nT0 J 

(32) n,r,0 

m<*> , : =m ( *- 1 > •fl- d(a "' T '°' a "' T ' 1 M 

for every r' G Ck-i, so each of the collections {rh (k ; * , : r' GCfc_i}has constant sign. On 
the other hand, by Remark 3. 8(v) and (3.2), we have either rh^ T , = Ofor every r' G Cfc-i 
or m^ T , = for every r' G Ck-i- It follows that the collection 

{m\ k l, : r' G C k ) = {m£, T , : r' G CVJ U {m« t , : r' G CW} 

has constant sign and the proof is over. □ 

Lemma 3.12. Let a G 2 <N . The following statements hold: 

(i) Ifm a > 0, then < rh a < m a . 

(ii) If fi(C) > andm a < 0, then rh a = 0. 

Proof. Write n := lcngth(er). 
(i) We shall prove that 

(3.3) < mi n) < ml"- 1} < • • • < m^ 1 ' < m„. 

The inequalities < fh { ^ ) < m a follow immediately from the very definition of m^ 1 ' and 
Remark 3.8 (parts (i) and (iii)). Assume that < m ( J°~ 1} < ■ ■ ■ < m ( j- } < m a for some 
k G {2, . . . , n}. Write r := cr| n _fe. If s 7ltT fl ■ s n , T ,i > 0, then fh ik) — rh ( J°~ 1) ; otherwise 
we have 



rh^-V • 1 + a ^«.^o.'".T.U ifa(n-fc+l) =0 



ci(Sti,T,0,8n,T,l) 

S «,T,0 

^-D ■ (l_ d(«n,r,0,«n,r.l) j if CT ( n - ft + 1) = 1 

and in either case < rn/ fc) < rh ( J°~ 1) (by Remark 3.8 -(i) and (ii)- bearing in mind that 
m l *~ 1) > 0). This proves (3.3) and therefore < m^ 1 ' = m a < m a . 
(ii) In the same way, the following chain of inequalities holds true: 

> fh a = m^*' > m^" _1) > • • • > m^ 1 ' > m a . 

We now argue by contradiction. Suppose that rh < 0. Then Lemma 3.11 ensures that 
7TV < for every a' G C n . Bearing in mind Lemma 3.10, we obtain 

< n{C) = ^ ™<r' <fn a <0, 
a contradiction. The proof is over. □ 
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3.3. Compensation function. We follow the notations introduced in Subsection 3.1 with 
some obvious modifications to denote dependence with respect to fj, G A4(C). 

Definition 3.13. Let /x e M(C). We define £(/x) G M(C) as follows: 
(i) If fj,(C) < 0,then£O) := 0. 

(ii) If fi(C) > 0, then £(xt) is the unique element of M{C) such that 
£{ji){N a ) = m^fi) for every a G 2 <N . 
The existence of £(/x) is ensured by Lemma 3.9 via a standard argument. 
Proposition 3.14. £: M{C) — > M(C) is a compensation function. 

Proof. Given any fj, G M{C) with ii(C) > 0, we have < £{p){N a ) < fJ, + (N a ) for every 
(7 G 2 <N (thanks to Lemma 3.12) and, by the very definitions, £(/x)(C) = /i(C). Hence 
£(//) is a compensation of /i for every it G 7W(C). 

To prove that £ is a compensation function, it only remains to show that it is uj*-uj*- 
continuous. Of course, it suffices to check the continuity of £ on 

H := {/x £ M{C): xt(C) > 0}, 

which is equivalent to saying that, for every a G 2 <N , the real-valued function 

xx i ^ i(\i)(N a ) = m CT (xx) 

is uj * -continuous on H. Fix n G N U {0}. We shall prove that 

/x M> rh^ ] (/x) is w * -continuous on % for every a G C„ and fc G {0, 1, . . . , n) 

by induction on k. The cases fc = and k = 1 are obvious. Suppose fc G {2, . . . , n} and 
that the inductive hypothesis holds. Fix a G C n and write r := cr|„_fc. Then the mappings 

*n,r,0(-)= E ^ *n.T,l(0 = E 

<T'eC n , T ,o cr'eC„, T ,i 

are uj* -continuous on H. Suppose that a(n — k + 1) =0 (the other case is analogous). 
Then for every /lx G H we have 

(3.4) m«(/x) = ^-'(XX) • fl + ^n,r,0M,«nr,lM) \ 

if Sn,r,o(M) 7^ 0' while m^'(/i) = m^ _1) (/x) if s„, t ,o(m) = 0. From (3.4) it follows at 
once that m^'(-) is cj* -continuous at every fi £~H with s„ ;T; o(/x) 7^ 0. 

Take any /io £ M with s n ,r,o(Mo) = 0. Since {m ( * _1) (//o) : <r' G C„. T .o} has con- 
stant sign (by Lemma 3.11 applied to r ^ and fc — 1), we get m^ -1 '^) = and so 
"^i* (Mo) = (/xo) = 0. Bearing in mind (3.4) and Remark 3.8(ii), we obtain 

|mi fc »( M ) - m«(/x )| = |m< fc >(/x)| < |m?-^(/i)| = |m?-^(/i) - m^'Ml 

for every /x G H. This inequality and the inductive hypothesis imply that the mapping 
m^ fc) (•) is uj* -continuous at /x . The proof is finished. □ 

4. Beyond the metrizable case 

In this section we discuss the existence of compensation functions in certain non- 
metrizable compacta. Specifically, we deal with one-point compactifications of discrete 
sets (Subsection 4.1) and ordinal intervals (Subsection 4.2). We shall provide examples 
of compact spaces K which admit local compensation but no B M ( K ^ -compensation func- 
tion. Those examples and Proposition 4. 1 below make clear that there exist compact spaces 
which do not admit local compensation. 
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Proposition 4.1. Let K be a compact space. If B M ( K ^ (equipped with the to* -topology) 
admits local compensation, then K admits a B M ( K y compensation function. 

Proof. Write L :— -B/vi(if) an d let <j) : K — > L be denned by 4>(t) :— S t , so that <f> is a 
homeomorphism onto 4>{K). Let F: L — > -Bm(l) be the function defined by 

(F(p), f) = (ji, f o (j>) for every / e C(L) and fi e L. 

Observe that F(p)(D) = for every fi e L and every Borel set D C L. 

Since F is -continuous and L admits local compensation, there is a u> * -continuous func- 
tion G: L — > -Bx(l) such that G{p) is a compensation of F(p) for every /i G L. Let 
S: M(L) -> be the restriction operator and {/: C^ff) -> C(<j)(K)) the iso- 

metric isomorphism given by U(g) := g o Define £: L — »■ L by £ := £/* o S o G. 

We shall check that £ is a Byvf(^) -compensation function. Note first that S o G is 
w*-w*-continuous, thanks to the -continuity of G and the fact that 

(4.1) supp(G(p)) C supp(F(/x)) C ^>(iif) for every yu e L. 

Hence £ is -continuous as well. On the other hand, take any p, S L. Since G{p) is 

a compensation of F(fi) and the inclusions (4.1) hold, it follows at once that S(G(p,)) is a 
compensation of S(F(p)) Therefore, is a compensation of U*(S(F(p))) = p. □ 

To go a bit further when studying the existence of compensation functions, we introduce 
the following definition. 

Definition 4.2. Let K be a compact space. A closeness function for K is a continuous 
function 

c:{(x,y,z)£K s : y ? z} -> [-1, 1] 

such that: 

(i) c(x, 2/, z) = — c(x, z, y) whenever y ^ z; 

(ii) c(x, x,z) = 1 whenever a; ^ z. 

Remark 4.3. If (if, p) is a compact metric space, then the formula 

c(x y z) ■= 

max{p(x,y),p(x,z)} 

provides a closeness function for K. 

Next lemma gives a connection between closeness and compensation functions: 

Lemma 4.4. Let K be a compact space. If K admits a Bj^^y compensation function, 
then K admits a closeness function. 

Proof. Fix a i?^4(x)-compensation function £ : B^(k) B M ^ K y Define 

c: {(x, y, z) G K 3 : y ± z} -> R, c(x, y, z) := 1 - 6 ■ £(/(x, y, z))({y}), 

where /(x, y, z) := + <5 2 — S x ). We will check that c is a closeness function for K. 
Fix (x, y, z) G K 3 with y ^ z. Then /(x, y, z)(if) = | > 0, hence 

S{f{x,y,z)){K) = ± and < £(/(*, y, z)) < (f(x, y, z))+ = ^(S v + S z ). 
In particular, c(x, y, z) 6 [—1,1]- On one hand, if x = y then 

c(x, x, z) = 1 - 6 • £(/(x, x, z))({x}) = 1 - 2 • <5 z ({x}) = 1-0 = 1. 
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On the other hand, since supp(/(a;, y, z)) C {y, z}, we have 

i = £(/(*, y, z))(K) = £{f{x, y, z))({y}) + £(/(*, y, z))({z}), 

therefore 

c(x, j/, 2;) = 6 • £{f{x, y, z))({z}) - 1 = -c(x, z, y). 

We finally check that c is continuous at (x, y, z). Since y ^ z, there exist disjoint open 
sets V,W C K with y G V, z € W, and a continuous function <j> : K — > [0, 1] such that 
0|y = 1 and = 0. Then for every (x' , y' , z') e K x V x W we have 

(4.2) £(/(x', 2/, 0)({y'}) = <£(/(*', y', *')). 0>. 

because supp(£(/(x', y', z')) C {y', z'}. Equality (4.2) and the -continuity of £ 

imply that c coincides with a continuous function on K x V x W, which is an open 
neighborhood of (x, y, z). This shows that c is a closeness function for K. □ 

Proposition 4.5. Let K be a compact space admitting a closeness function. 

(i) If Xq G K belongs to the closure of a countable set D C K \ {xq}, then xq is 
a Qs-point. 

(ii) If K is separable, then it is metrizable. 

Proof. Let c be a closeness function for K. 

(i) For every z G D we have c(xo, x ,z) = 1, hence we can take an open neighborhood 
V z of xo such that z £ V z and c(xq, x,z) > for all x € V z . We claim that f] zeD V z = 
{x }. By contradiction, suppose there is x G (~} zeD V z \ {x }. Then c(x , x, z) > for 
all z G D. Since x G D and c is continuous, we get c(xo, x, x ) > 0, which contradicts 
that c(xo,x, xo) = — 1. 

(ii) It is enough to find a countable subset of C(K) that separates the points of K. Let 
C be a countable dense subset of X. For every i, s G C with t ^ s, let / t , s G C(-fT) be 
defined by ft, s (x) := c(x, t, s). Let us check that the countable family 

{/ M : t,seC,t^s} 

separates the points of K. Fix y ^ z in K . Since c(y, y, z) — 1, there are disjoint open 
sets Vi,Wi<ZK such that y G Vi, z G Wi and 

c(x', y', z') > for every (a;', y', z') G V\ x V\ x W\. 

On the other hand, since c(z, y, z) = —1, there are disjoint open sets V2, W2 C such 
that y eV 2 , z eW 2 and 

c(x', y', z) < for every (a;', y', z') G T4^ 2 x V 2 x W2. 

Pick i G Vi n y 2 n C and s G Wi n W 2 n C. Then / t , s (y) = c(y,t, s) > while 
ft,s(z) — c(z, t, s) < 0. The proof is over. □ 

By combining Lemma 4.4, Proposition 4.5(ii) and Theorem 3.2 we get: 

Corollary 4.6. Let K be a compact space. The following statements are equivalent: 

(i) K is separable and admits a B ' M ( K y compensation function; 

(ii) K is metrizable. 
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4.1. One-point compactifications of discrete sets. Throughout this subsection T is a 
non-empty set and we denote by K := A(T) = T U {00} the one-point compactifica- 
tion of T equipped with the discrete topology. Since K is scattered, every element of 
M(K) is of the form J2teK a t 5 t for some (a t ) teK £ l l {K), [13, Theorem 14.24]. It is 
well-known that a bounded net (fi a ) in M{K) is uj * -convergent to fi £ M(K) if and only 
if fi a (K) n(K) and Ma({7» -»■ KM) for all 7 G T. 

Theorem 4.7. A(T) admits local compensation and therefore C (A(T)) has the BPB prop- 
erty for numerical radius. 

Proof. The second statement will follow from Theorem 2.2 once we prove the first one. 
LetF G W(K). UF(oo)(K) < 0, then there is a finite set Ti C V such that F(t) (K) < 
for alii e K \ T\ (because the function F(-)(K) : K — > R is continuous). Fix an arbitrary 
compensation fj, t of F(t) for every t £ Ti (apply Remark 2.3). Define £j? G W(K) by 



if t G Ti, 
if* £ K \ T\. 

Clearly, £p is a compensation of F. 

Suppose now that F(oo)(K) > 0. Since the function F(-)(K) is continuous, there is a 
countable set A C T such that 

(4.3) F{t){K) = F(oo)(K) for every t £ K \ A. 
For every t £ K the set A t := supp(.F(i)) is countable. Write 

r := nr = a x \ {oo}. 

For each s G T , the function -F(-)({ s }) : K — > R is continuous (because {s} is a clopen 
subset of K) and so there is a countable set B s £ K such that 

(4.4) F(t)({s}) = F(oo)({s}) for every f G K\B S . 

The set B := (User,, B s ) U A U {00} is countable, hence so is IJtes ^* anc ^ therefore 



is a compact metrizable (countable) subset of K. Observe that for every t G B we have 
supp(F(t)) C TV. An appeal to Corollary 3.4 ensures the existence of a u> * -continuous 
function G: B — > (if) such that G(<) is a compensation of for every t £ B. Write 
£0 := G(oo). Let us define 

(4.5) C:={t£K\B:F(t)(T\A oo )<0} 
and the mapping £ F : K — > M(K) by 

r G(t)({s}) if t £ B and s £ K, 

£o({s}) if t £ Cands G K, 

Co({s}) if ti BU Cands G r , 

Uwi { (Ar ) f ft) + ({4) if^i?UC7and S G^\r . 

Observe that if \ T D T \ A^, hence F(t)+(K \ T ) > F(t)(T \ A x ) > whenever 
t £ K \ (B U C), so £p is well-defined. Let us show that £p is a compensation of F. 
STEP 7. £f(£) is a compensation of F(t) for every t £ K. 

This is obvious for t £ B by the choice of G. In particular, ^q{K) — F(oo)(K) > 
and < £0 < F(oo) + . Let us analyze what happens for t £ K\B. 



(4.6) Mt)(W) : = { 
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Case 1: Assume t G C. Then t B D A, so 

Z F (t)(K) (4 = 6) Co(K) - F(oo)(K) (4 = 3) F(t){K). 
On the other hand, take any s G K. Then 

o<^(t)({ s }) (4 = 6) ^(M)<^(oo)+(H). 

We now distinguish several cases. 

• If s G r 0) then (4.4) implies that F(co)+ ({s}) = F(t)+({s}). 

• If s <£ A x , thenF(oo)+({s}) = < F(t)+({s}). 

• If oo G Aoo, then 

(4.7) 

F(oo)({oo}) = F(oo)(if) - ^ F(oo)({r}) (4 - 3) ^ (4 - 4) F(t)(JQ - ^ F(t)({r}) = 

rer rer 

= F(t)({oo}) + F(t)(T \ 4) ? F(t)({oc}). 

It follows that 

< < F(oo)+{{s}) < F(t)+{{s}) for all s G if, 

hence < £ F (i) < F(oo)+ < F(t)+. Therefore, £ F (t) is a compensation of F(t). 
Case 2: Assume t G if \ (B U C). Then 

Mt)(iT) = E (*)(M) ( = E + Ktf+fg \ r ) S "WW) 

=Co(r ) + £o({oo}) = eo(r U {oo}) - - F(oo)(A-) ( = 3) F(t)(Jf). 

To prove that £ F (t) is a compensation of F(t) it remains to check that < £ F (t) < 
which is equivalent to saying that < ^(t)({s}) < F(t) + ({s}) for all s G if. To this 
end, we distinguish two cases: 

• If s G T , then 

< M*)(W) <4 = 6>(W) < F (oo)+({ S » = ( = F(t)+({s}). 

• If s G if \r ,then 

(4.8) o < m*xw) (4 = ^^i^l^^ w+d^}) < 

because 

F(oo)({oo}) = F(oo)(K) Y, F M(W) (4 ' 3 = 4 ' 4) F W K \ r «) 

rer 

yields the inequalities £o({cx>}) < F(oo) + {{oo}) < F(t) + {K \ T ). 

STEP 2. £ F is uo* -continuous. It suffices to check that £ F is w*-continuous when 
restricted to each of the closed sets B, C and if \ (B U C). We already know that the 
restriction £f\b = G is a;* -continuous. On the other hand, note that £ F (i) = £f(oo) = £o 
for every t G C, hence £ F |^ is oj* -continuous. 

Finally, let us show that ^f| k \( 5uC ) is also -continuous. To this end, it suffices to 
show that, if (t a ) is a net in if \ (B U C) converging to oo, then £ F (*<*) — ► £f(oo) = £ 
with respect to the w*-topology of M(K), which is equivalent to saying that 

£ F (t a )(K) -)• &(if) and &•(*«)({*}) -> £ ({s}) for all a G T 
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(note that (^F(t a )) is bounded, because £f(*) is a compensation of F{t) E B M ( K ^ for 
every t G K). We know that £ F (t)(K) = F(t){K) for all t G K \ (B U C) (see the proof 
of Step 1), hence £ F (t a )(K) = F{t a ){K) F(oc)(K) = £ (K). 

Fix any s G T. If s G T , then M^XM) = £o({s}) = 6Koc)({s}) for all a. If 
s G T \ r , then by (4.8) we have 

0<M*a)({*}) <^(^) + (W) for all a. 
Since i^(t Q )+({s}) F(oo)+({s}) = (because s A^), it follows that 

MtaXW) o = &(W). 
This proves that £p is a;* -continuous and so £p is a compensation of F. □ 

Theorem 4.8. T is uncountable set, then A(T) does not admit a closeness function. 
Hence, it neither admits a B M (^^-compensation function. 

Proof. By contradiction, suppose that c is a closeness function for A(T). 

Fix < e < 1. For each 7 G T, the continuity of c and the fact that c(oo, 00, 7) = 1 
ensure the existence of a finite set A 7 C T with 7 G A 1 such that 

(4.9) |c(7i,72,7) - 1| < e for every 71,72 E T\ A 1 . 

It is easy to check that there is an uncountable set Ao C V such that A 1 ^ A^i whenever 
7, 7' G A are distinct. Using the A-system lemma, [15, Theorem 9.18], we can find an 
uncountable set Ai C A and a finite set A C V such that A 7 n A^ = A whenever 
7, 7' G Ai are distinct. Set A := Ai \ A, so that A is uncountable and 

(4. 10) A 7 \ {7} C T \ A for every 7 G A. 

Fix three distinct 7, 7', 7" 6 A. Since 7' and 7" do not belong to Ay (by inclu- 
sion (4.10)), we can apply (4.9) obtaining 

(4.11) |c(7', 7 ",7)-l| <e. 

Analogously, we also have \c(Y, 7, 7") — 1| < e and so 0(7', 7", 7) + 1 < e, which 
contradicts (4.1 1) because e < 1. □ 

4.2. Ordinal intervals. Throughout this subsection we work with the ordinal interval 
K := [0,cji], which becomes a 0-dimensional scattered compact space when equipped 
with its order topology. Since K is scattered, every element of M{K) is of the form 
J2 a eK aa $a for some (a a ) ae K G ^(K), [13, Theorem 14.24]. We shall also need the 
following well-known fact, see e.g. [12, 3.1.27]. 

Lemma 4.9. Ifh: [0, ui) — > K is a continuous function, then there is a < wi such that h 
is constant on [a,cji). 

Theorem 4.10. [0, uj{\ admits local compensation and therefore C([0, wi]) has the BPB 
property for numerical radius. 

Proof. The second statement will follow from Theorem 2.2 once we prove the first one. 
Write Clop(K) to denote the algebra of all clopen subsets of K. Let F G W(K). For 
every a E K, define 

(4.12) s(a) := sup{ 7 < u>t : F(a)({j}) ^ 0} < wi. 
Claim 1 . There exist b G [—1,1] and 70 < lo\ such that 

(4.13) F(7)({cji}) — b whenever 70 < 7 < wi . 
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Proof of Claim 1. By Lemma 4.9, we only have to check that the function F(-)({coi}) 
is continuous on [0, u)\). To this end, it is enough to prove the continuity on [0, 7) for every 
7 < oj\. Let (3 :— sup{s(a) : a < 7} < uj\. Notice that for every a < 7 we have 

F{a)(\J3 + l, Ul ])= Yl F(a)({ 1 }) (4 ^ 2) F(a)({u Jl }). 

£)<7<wi 

Since [(3 + 1, G Clop(K) and F is cj*-continuous, the previous equality ensures that 
the function F(-)({u>i}) is continuous on [0, 7). This finishes the proof of Claim 1. □ 

Claim 2. For every a < ui there is a < (3(a) < wi such that F(~/)(A) = F(u> 1 )(A) 
for every (3(a) < 7 < uji and every A G Clop(K) such that A C [0, a] or A = [0, oj\}. 

Proof of Claim 2. Note that the set 

A a := {A G Clop(K): A C [0, a]} U {[0, wi]} 

is countable (because [0, a] is a compact metric space and so it has countably many clopen 
subsets). For every A G Clop(K) the function F(-) (A) : [0,wi] — ^ M is continuous, hence 
it is constant on [(3a, oji] for some a < (3a < wi (apply Lemma 4.9). Now, the proof of 
Claim 2 finishes by taking (3(a) := smp{(3a ■ A e A a } < □ 
Definition. We next define by transfinite induction a strictly increasing wi-sequence 
of ordinals {A^ : i < uji} C [0, wi). For convenience, we consider 

A := max{s(wi),7o,/3(0)} < Wi 

as the starting point of the induction. If i < w\ is a limit ordinal, then we set 

\i := sup{Aj : j < i}. 

In the successor case, X i+ i is defined as 

A i+ i := sup{a„ : n G N} = sup{/3„ : n G N} 

where = : a < (3 n < ai < (3\ < . . . < A i+i are defined as 

(4.14) p n P(a n ) (given by Claim 2) 
and 

(4.15) a„ := max{/3 n _i + l,sup{s(7): 7 < /3„_i}}. 
Definition. We set 

/i := F(wi) - e AI(A-), 

(4.16) /i a := F(a) - /x - W Wl = F(a) - + aS Ul e JW(X), a 6 [0,wi], 

where we write a := F(lji)({coi}) — b. 

Claim 3. If i < lj\ and a e (Aj, A, + i), then fi a is concentrated on [Aj, Aj+i] with 
/i a (if) = a. 

Proof of Claim 3. By (4.13) (bear in mind that a > \q > 70) we have 

(4.17) F(a)({wi}) = b. 

Let Ai = a < (3 < a\ < (3\ < . . . < A, + i be the sequence of ordinals that defines 
A i+ i = sup{a„ : n G N} = sup{/3„ : n G N}. Pick n G N such that a < n -i- By (4.15) 
we have s(a) < a n < Aj + i, and so 

(4.18) J F(a)({7}) = for every A i+i < 7 < wi . 
Note that we also have 

(4.19) F(wi)({7}) = for every A i+ i < 7 <wi, 
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because Aj+i > Ao > s(u>i). We next prove that 

(4.20) F(a)({ 7 }) = F(o; 1 )({7}) for every 7 < A 4 . 

To this end, it suffices to check the equality for every 7 < A J+ i and every ordinal j < i. 
Let Xj ; = a' < /3q < < (3[ < . . . < Xj + i be the sequence of ordinals that defines 
Xj + i = sup{a' n : n E N} = sup{[3' n : n E N}. Then 7 < a' n for some n E N and 
so we can write {7} = H/ceN^fe f° r some decreasing sequence (Ak) in Clop(K) with 
Afe C [0, aJJ for every k E N. Indeed, this is obvious if 7 = 0, while for 7 7^ we have 
{7} = fKbi + !. 72] : 7i < 7 < 72 < a'n}- B Y me choice of /3(a' n ) (Claim 2) and 

we have = for every fceN and so 

F(a)({ 7 }) = lim F(a)(A fc ) = lim F( Wl )L4 fe ) = F(wi)({ 7 }). 

This proves (4.20). Since a > A > /?(0), we have F{a){K) = F{w{){K) (Claim 2) and 
therefore (J, a {K) = a (by (4.16)). Finally, from (4.17), (4.18) and (4.20) we get 

Ma({7}) = F(a)({^}) - F(wi)({ 7 }) + oJ Ul ({7}) = for every j E K \ [X t , X i+1 }. 

The proof of Claim 3 is over. □ 
Claim 4. For every 1 < i < lo\ we have — aS\ i and so 

(4.21) F(X i ) = n + a5x t +bS Ul . 

Proof of Claim 4. We proceed by transfinite induction on i. The limit ordinal case 
follows from the w*-continuity of F. Now, suppose (4.21) holds for some 1 < i < ui\ and 
let us prove it for i + Consider again the chain Aj = a < (3 < ct\ < (5\ < . . . < X i+ i 
that defines Aj + i as its supremum. By the uj* -continuity of F, the sequence (F(f3 n )) is 
w* -convergent to F(A i+ i), which (by (4.16)) is equivalent to saying that 

lim (A) = (j,Xi +1 (A) for every A E Clop(K). 

n— >oo 

By Claim 3, each is concentrated on [Aj, Aj+i] with (K) — a. In particular, we get 
/j,\ i+1 (K) = a. In order to prove that /J,\ i+1 — aS\ i+1 it only remains to check that fi\ i+1 is 
concentrated on {A i+ i}. Fix any A E Clop(K) with A C [0, A i+ i). Since A is compact, 
we have A C [0, a n ) for some n E N. Then F(f3 m )(A) = F(cj 1 )(A) for every to > n (by 
Claim2and(4.14))andsoF(A J+ i)(^) = F(u)i){A), hence p\ i+l (A) = (by (4.16)). As 
A is an arbitrary clopen set contained in [0, Aj+i), we conclude that /J,\ i+1 is concentrated 
on [Aj+i,wi]. On the other hand, if we take any A E Clop(K) with A C (Aj+i, Wi], then 
fi,p n (A) = for all n E N and so [i\ i+1 (A) = 0. It follows that p\ i+1 is concentrated 
on {Ai + i}, which finishes the proof of Claim 4. □ 

Claim 5. The restriction of F to [0, Ai] admits a compensation. 

Proof of Claim 5. Write L := [0, Ai] U {wi}. Notice first that 

(4.22) supp(F(a)) C L for every a E [0,Ai]. 

Indeed, this is immediate for a = Ai (by (4.21), bearing in mind that Ai > A > s(wi)). 
Let Ao = «o < A) < Qi < /^i < ■ • • < Ai be the chain that defines Ai as its supremum. If 
we take any a < X\, then a < {5 n -\ f° r some n E N and so s(a) < a n < Ai (by (4.15)), 
hence supp(F(a)) C L. This proves (4.22). Since L is compact metrizable, the claim 
now follows from Corollary 3.4. □ 
CLAIM 6. There exist < a' < max{a, 0}, < b' < max{6, 0} and v E M(K) with 
< v < p + such that: 



22 



A. AVILES, A. J. GUIRAO, AND J. RODRIGUEZ 



(i) v + a'S\ i + b'S LUl is a compensation of F(Xi) for every 1 < i < to\\ 

(ii) v + (a' + b')5 Wl is a compensation of F(wi). 

Proof of Claim 6. Write c := a + b = F(u>i)({wi}). Observe that 

F(uj\) = /i + cS CJl and i^(Ai) t4 =' fi + aS\ i + b8 Ul for every 1 < i < uj\, 

hence F(Xi)(K) = F(u>i)(K) (this equality also follows from Claim 2). Thus, the state- 
ment of Claim 6 holds trivially if F(ui)(K) < 0. We assume that F(uji)(K) > and 
distinguish two cases. 

Case 1. If c > 0, choose a",b" G WL such that a"S\ 1 + b"S Ul is a compensation of 
a5 Xl + bd Ul . Then < a" < max{a, 0}, < b" < max{6, 0} and a" + b" = a + b = c. 
Set u := + a"Sx 1 + b"S Ul and note that u (K) = fi(K) + c = F(oji)(K) > 0. Let vi 
be a compensation of vq. Then v\{K) = vq{K) and 

< i/i < (ji + a"5 Xl + b"5 Ul )+ = A* + + a"S Xl + b"6 Ul , 

so we can write v\ = iy + a / 5\ 1 +b'S UJl for some < a' < a", < b' < b" andi/ G M(K) 
with < v < It is clear that v + a'5\ i + b'S UJl is a compensation of F(Xi) for every 
1 < i < bj\ and that v + (a' + b')5 Wl is a compensation of F(lo\). 

Case 2. If c < 0, then let v be a compensation of F(lji), so that v(K) = F(u!i)(K) 
and < v < (fi + cS Ul ) + = In particular, v is a compensation of F(Aj) for every 
1 < i < u>i, so we can take a' = 6' = to conclude the proof of Claim 6. □ 

Claim 7. For every 1 < i < co\ there is a u* -continuous function 

[Ai,Ai+i] ^M(K) 

such that ^i(a) is a compensation of /i a for all a G [A,, Aj+i]. 

Proof of Claim 7. [Ai, Aj+i] is compact metrizable. Since supp(y(i a ) C [Aj, Aj+i] for 
every a G [Aj, Aj+i] (Claims 3 and 4) and the mapping a i->- /i Q is u* -continuous (see 
(4.16)), the existence of £j follows from Corollary 3.4. □ 

Let G: [0, Ai] — > .M(Ar) be a compensation of ^|[o,Ai] (Claim 5). We now define 
£ F :K^M(K)by 

'G(a) ifaG[0,Ai], 

, N 1/ + a'£v + if a = Aj and 2 < i < wi, 
£ F (a) := < 

f + a£j(a) + Wui if a G (A,, Aj+i) and 1 < i < ui, 

v + (a' + b')5 Ul if a = wi, 

where a := ^- if a > and a := if a < 0. 

We next check that £, F (a) is a compensation of F(a) for every a G K. This is clear 
for a G [0, Ai] (by the choice of G) and a G {A, : 2 < i < wi} U {oo} (by Claim 6). 
Take a G (Aj,A,+i) for some 1 < i < Then /j, a is concentrated on [Aj,Aj+i] with 
H a {K) — a (Claim 3). Since &(a) is a compensation of (Claim 7), we have = 
whenever a < 0, while ^(aX-ftT) = a and < £i(ot) < whenever a > 0. In any 
case, we have o^(a)(A') = a'. Note also that F(a)(K) = F(u>i)(K) (by Claim 2, since 
a > Ao > /3(0)). We now distinguish two cases. 

• If F(un)(K) > 0,then 
S F (a){K) = {v + a£i(a) + b'd Ul )(K) = u(K) +a' + b' = F( Ul ){K) - F{a)(K) 
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(bear in mind that v + (a' + b')5 Ul is a compensation of F{w\), see Claim 6). 
Since v < a£,(a) < £i(a) < and b' < max{6, 0}, we conclude that 

< £ F (a) < M + + ^ + max{&, 0}S Ul ^ F(a)+. 

This shows that £_f(o:) is a compensation of F(a). 
• If < 0, then v = and a' = b' = (Claim 6), hence £ F (a) = is 

the compensation of F(a). 

Finally, we check that £p is w* -continuous. Observe that the continuity of £p ° n the 
open set [0,Ai] U Uk.<ui(^'^+ 1 ) follows at once from the w*-continuity of G and 
the £jS. On the other hand, for any 1 < i < u>i, we have fjb\ i+1 = a5\ i+1 (Claim 4), 
hence £j(Aj+i) = max{a, 0}6\ i+1 and so a£j(Aj+i) = a'<5\ i+1 . The last equality and 
the w * -continuity of at Aj+i ensure that £p is -continuous at Aj + i. To finish the 
proof we show that £p is continuous at co\. Fix any A e Clop(K). By Lemma 4.9 
applied to the restriction of £ F (-)(A) to [0, wi), there exists some «a < lui such that 
£ F (a)(A) = £p(aA)(A) =: for all < a < w\. Choose 2 < ia < tJi such that 
Ai > a a for every ia < i < Then xa — £ F (\i)(A) = (v + a'S\ i + b'5 Wl )(A) for 
every ia < i < u>i, and so xa = iy + a'5 Ul + b'S Ul )(A) = £ F (ui)(A). 

The proof of the theorem is over. □ 

Remark 4.1 1. Using essentially the same arguments, one can prove by induction that the 
ordinal interval [0, N„] admits local compensation for each n 6 N. It is not so clear to us 
what happens at K w . 

Theorem 4.12. [0, u>i] does not admit a closeness function. Hence, it neither admits a 
Bm ( [0,wi] ) -compensation function. 

Proof. Our proof is by contradiction. Suppose there is a closeness function c for [0, to\]. 
Let A C wi be the set made up of all a < lj\ such that c(a, (3,uj\) > for some (3 < a. 
Fix any function 4>: A — > lo\ such that 

(f>(a) < a and c(a, cj>(a),uji) > for every aeA 

We now distinguish two cases: 

Case 1. A is stationary (i.e. A (1 C ^ for every closed unbounded set C C cji). 
By Fodor's pressing down lemma, [15, Theorem 8.7], there exist a stationary set B C A 
and /?o < Wi such that 0(a) = /?o for every a £ B. By the continuity of c, we get 
c(a, /3o)Wi) > for every a 6 £? and, in particular, c(wi, /?o, Wi) > 0. This contradicts 
that c(cji, Po, u>i) = — 1. 

Case 2. A is not stationary. Fix a closed unbounded set C C uj 1 such that A n C = 0. 
Take a strictly increasing sequence (a n ) in C and let a 6 C be its limit. Since a € oj\ \ A, 
we have c(a, a n ,LJi) < for all n 6 N. Bearing in mind the continuity of c, we get 
c(a, a, wi) < 0, which contradicts that c(a, a, Wi) = 1. □ 

4.3. Some open problems. Let if be an arbitrary compact space. 

(a) Does C(K) have the BPB property for numerical radius? 

(b) Does K admit local compensation if C{K) has the BPB property for numerical 
radius? 

(c) Is K metrizable if it admits a compensation function? 

(d) Does K admit a compensation function if it admits a B M ( K ^ -compensation func- 
tion? 

(e) Does K admit a B M ( K ^ -compensation function if it admits a closeness function? 
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